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ABSTRACT
We show that the ‘instantonic’ soliton of five-dimensional Yang-Mills theory
and the closely related BPS monopole of four-dimensional Yang-Mills/Higgs the-
ory continue to be exact static, and stable, solutions of these field theories even
after the inclusion of gravitational, electromagnetic and, in the four-dimensional
case, dilatonic interactions, provided that certain non-minimal interactions are
included. With the inclusion of these interactions, which would be required by su-
persymmetry, these exact self-gravitating solitons saturate a gravitational version
of the Bogomol’nyi bound on the energy of an arbitrary field configuration.
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1. Introduction
Many non-linear field theories in flat spacetime have soliton solutions (by which
we mean localised solutions of finite energy). Two examples, which will serve as
a basis for our discussion are the BPS monopoles of four-dimensional (d = 4)
Yang-Mills(YM)/Higgs theory and instantons viewed as solitons of five-dimensional
(d = 5) YM theory
∗
. An important feature in each of these systems is the existence
of a Bogomol’nyi bound [1] on the energy in terms of the topological charge of the
configuration (monopole charge or instanton number, respectively). Static soli-
ton configurations saturate these bounds. Mathematically this implies that these
solutions satisfy certain first-order equations (Bogomol’nyi or self duality, respec-
tively). One can find analytic solutions of these first-order equations describing
single solitons, as well as static multi-soliton configurations. These multi-soliton
solutions are possible because the solitons satisfy a force balance with respect to
each other. For example, in the case of BPS monopoles, the repulsive force due
to the gauge field is exactly compensated by an attractive force due to the scalar
field.
One can ask whether a similar situation holds for self-gravitating solitons. In
general the answer is clearly no because coupling gravity to the systems described
above disturbs the force balance; there will be a net attractive force between soli-
tons and static multi-soliton solutions will no longer exist. We shall see below,
however, that the force balance can be restored and energy bounds shown to exist,
if one couples solitonic matter to the bosonic fields of (N = 2) supergravity. Such a
coupling is actually quite natural. Witten and Olive [2] showed that, for the BPS
monopole, the Bogomol’nyi bound may be derived by embedding the theory in one
with N = 2 supersymmetry. The key element to this result is that the topological
charge of the soliton appears as a central charge in the supersymmetry algebra. We
might expect that coupling this globally supersymmetric matter theory to N = 2
∗ It is convenient to consider these examples together because the d = 4 Bogomol’nyi YM
/Higgs equations are the dimensionally reduced d = 5 YM self-duality equations.
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supergravity will lead to energy bounds for gravitating BPS monopoles.
In general relativity, the energy and momentum of an asymptotically flat four
dimensional spacetime are given by the ADM 4-momentum, which is a surface in-
tegral over the 2-sphere at spatial infinity. An analogue of a Bogomol’nyi bound for
a gravitating soliton should be a variant of the positive energy theorem [3,4], which
bounds the ADM 4-momentum in terms of the topological charge of the solitonic
matter fields. Coupling to supergravity is natural in this context as well. Witten’s
[4] proof of the positive energy theorem was motivated by [5] and is most clearly
understood in the context of supergravity [6]. In supergravity, the global super-
charges are also given by surface integrals at spatial infinity [7]. The supercharges
combine with the ADM 4-momentum to form the global supersymmetry algebra.
We expect that, as in the case of global supersymmetry [2], the topological charge
of the matter fields will enter this algebra as a central charge.
The N = 2 supergravity multiplet in four dimensions contains the graviton,
a pair of gravitini and a U(1) gauge field, which we will refer to as the Maxwell
field
∗∗
. The Maxwell field introduces another force, which can restore the force
balance between solitons
∗∗∗
. If we restrict our attention to purely bosonic config-
urations then we are dealing with solitonic matter coupled to Einstein/Maxwell
theory. Gibbons and Hull [9] have proven a version of the positive energy theorem
for Einstein/Maxwell theory, which we here generalise to include a dilaton with
arbitrary coupling constant b (as defined by the action (6.1) to follow). Given
certain conditions on the stress-energy and charge current of the matter fields, one
has that
M ≥ 1√
1 + b2
√
Q2 + P 2 , (1.1)
whereM is the ADM mass and Q and P are the total electric and magnetic charges
∗∗ We will be considering ungauged supergravity in which the gravitini are neutral with respect
to the Maxwell field. Coupling the gravitini to the Maxwell field introduces a cosmological
constant.
∗∗∗ We note that over the past few years many gravitating soliton solutions have been found in
supergravity theories arising in the low energy limit of string theory [8]. In many of these,
the force balance is restored by the antisymmetric tensor field.
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of the spacetime with respect to the Maxwell field. In the context of supergravity,
Q and P enter the algebra of global supersymmetry transformations as central
charges. Spacetimes which saturate the bound (1.1) are those which have spinor
fields which are constant with respect to a ‘supercovariant’ derivative operator.
This property can be thought of as an analogue of the first order Bogomol’nyi
equations. The puzzle remains of how the topological charge of the matter be-
comes a source for the Maxwell field. As we shall see below, a certain non-minimal
Maxwell/matter interaction achieves precisely this. This interaction might ordi-
narily be disregarded because it is non-renormalisable, but it is required by N = 2
local supersymmetry. Recall that the Maxwell field is in the same supermultiplet
as the graviton so, in the context of supersymmetry, it is not surprising that it
should have non-renormalisable interactions with matter fields.
In Section 2, we look at the case of SU(2) YM/Higgs matter fields in 4 dimen-
sions, coupled to gravity and an additional Maxwell field but without a dilaton.
In this case, we are able to show that an energy bound on solitons exists, but we
are unable to find analytic solutions saturating this bound. In an appendix, we
present a proof that such solutions do exist, at least for sufficiently weak values
of the gravitational coupling. In Sections 3, 4 and 5, we establish results for in-
stantonic solitons in d = 5 supergravity/YM theory. In this case we are able to
find analytic solutions for the matter configurations. The solutions we find are
non-singular, static, self-gravitating, particle-like configurations with a (multi) in-
stanton core. For arbitrary core radius the solutions have the property that they
saturate a Bogomol’nyi - type bound, which we derive following the method used
for d = 4 Einstein/Maxwell theory in [9]. In the context of d = 5 supergravity the
solutions preserve half the supersymmetry of the vacuum. For this reason we refer
to configurations which saturate the bound as ‘supersymmetric’.
We then return in Sections 5 and 6 to the d = 4 case, but now including
a dilaton field. We first derive the bound (1.1) and find the vacuum solutions
which saturate this bound. These are previously constructed charged dilaton black
holes which reduce to the standard Reissner-Nordstro¨m (RN) solution in the b→
4
0 limit. The inclusion of solitonic matter in the form of YM/Higgs monopoles
is consistent with the continued existence of a super-covariantly constant spinor
provided that the dilaton couples to the YM/Higgs fields in a particular way. A
surprising feature is that, once the dilaton/matter coupling is fixed in this way,
the b→ 0 limit cannot be taken because the action would be singular. The results
with and without dilaton are therefore qualitatively different and must therefore
be considered separately. The case without a dilaton will be considered in Section
2, as mentioned above. In Section 7 we analyse the dilatonic case. In both cases
self-gravitating monopoles, should they exist, saturate a gravitational analogue
of the Bogomol’nyi bound, but we are able to find exact solutions of the curved
space YM/Higgs equations that saturate this bound only in the dilatonic case. In
fact, in the dilatonic case one finds that these equations are solved by solutions
of the flat space Bogomol’nyi equations. (Multi) monopole solutions of the latter
are well known and the existence of self-gravitating (multi) monopoles saturating
the gravitational version of the Bogomol’nyi bound are therefore guaranteed. The
resulting 4-metrics are non-singular and without horizons. Without a dilaton, as
shown in Section 2, the curved space YM/Higgs equations are still solved by any
solution of a version of the Bogomol’nyi equations, but the latter are no longer the
flat space equations and their solution requires the simultaneous solution of the
Einstein equations. The fact that exact solutions of the curved space YM/Higgs
equations can be found in the dilatonic case can be seen to be a consequence, at
least for a particular value of b, of our d = 5 results. This is because certain results
for d = 4 can be obtained from d = 5 by dimensional reduction; one simply solves
the d = 5 equations for spaces of topology R3 × S1 instead of R4. The existence of
exact self-gravitating (multi) monopole solutions for a particular d = 4 theory is
therefore guaranteed from the d = 5 results. Our results obtained directly in d = 4
are consistent with this observation.
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2. Four Dimensional Supergravitating Monopoles
In this section, we will search for self-gravitating monopole solutions in 3 + 1
dimensions which saturate an energy bound. The strategy we follow here will
be repeated in other contexts in later sections. In the present case, however,
the calculations necessary to establish the new results will be shorter than those
in subsequent sections because we can take advantage of a number of already
established results. This section can then serve the reader as a less technical
introduction to some of the methods used in the remainder of the paper.
In 3 + 1 dimensions, the positive energy theorem establishes that the norm
of the ADM four momentum Pµ satisfies PµP
µ ≤ 0 (with signature (− + ++)),
with equality only for Minkowski space. A stronger result can be derived for
Einstein/Maxwell theory [9,10]. If Q is the total electric charge of the Maxwell
field
⋆
and M2 ≡ −PµP µ, then we have
M ≥| Q | . (2.1)
We are looking for ‘ground states’, i.e. configurations which minimise the ADM
mass subject to fixed electric charge. The bound (2.1) is known to be saturated if
and only if the spacetime admits a complex spinor field ǫ which is constant with
respect to the supercovariant derivative
∇ˆµ = ∇µ + i
4
FαβΓ
αΓβΓµ , (2.2)
where Fαβ is the Maxwell field strength. One class of such spacetimes are the
extremal Reissner-Nordstro¨m solutions and their multi-black hole generalisations
the, Majumdar-Papapetrou solutions. These are electro-vac solutions. In this
paper, however, we are interested in spacetimes containing solitonic matter fields
and for which the bound (2.1) is still saturated.
⋆ We assume zero magnetic charge for simplicity
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In 3 + 1 dimensions, the form of the most general metric and gauge field
admitting a supercovariantly constant spinor has been given in [9,11]. If we restrict
our attention to static metrics and gauge fields, then these have the form
ds2 = −e−2φdt2 + e2φdx · dx A = ±e−φdt , (2.3)
where φ = φ (x) and dx · dx is the Euclidean 3-metric. We can now find what
matter sources are required to produce fields of this form by simply demanding
that the Einstein-Maxwell equations be solved and then determining the sources.
From the Einstein and Maxwell constraint equations, we then find that the charge
density ρq and energy density ρm of the matter fields (excluding the energy density
of the Maxwell field) are equal (up to a sign) and given by
| ρq |= ρm = − 1
4πG
e−3φ∇2
(
eφ
)
, (2.4)
where ∇2 is the Laplacian for Euclidean 3-space. Furthermore, one finds that the
Einstein and Maxwell evolution equations imply that the spatial components of
the matter stress energy Tij and the charge current Ji all vanish
Tij = Ji = 0 . (2.5)
These conditions on the matter sources characterise charge equal mass (or q = m)
dust. Moreover, any spatial configuration of q = m dust solves the Einstein-
Maxwell-matter system and saturates the energy bound. One can simply choose
the dust configuration by specifying a function f (x), solve ∇2 (eφ) = −4πGf ,
to obtain the metric function, and recover the energy and charge densities via
ρm = |ρq| = e−3φf . Note that f (x) = 0 yields the equation ∇2
(
eφ
)
= 0, the
solutions of which are the Majumdar-Papapetrou electro-vac spacetimes.
Next we shall show that solitonic matter fields saturating an appropriate Bo-
gomol’nyi constraint can have energy and charge densities of the q = m dust form.
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We consider YM/Higgs matter coupled to Einstein/Maxwell theory via the action
S =
1
4πG
∫
d4x e
{
1
4
R− 1
4
FµνF
µν
}
+
1
g2
∫
d4x
{
−1
4
e tr (GµνG
µν)− 1
2
e tr (DµΦD
µΦ) +
1
4
ǫµναβFµνtr
(
ΦGαβ
)}
,
(2.6)
where e =
√− det gµν with gµν the spacetime metric, Gµν is the covariant field
strength for a Lie-algebra-valued YM vector potential Bµ
Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ] , (2.7)
Φ is the Higgs field in the adjoint representation and DµΦ its YM covariant deriva-
tive
DµΦ = ∂µΦ + [Bµ,Φ] . (2.8)
The YM and Higgs field are assumed to have dimensions of L−1, so the d = 4
YM coupling constant g has dimensions of (ML)−(1/2). The coupling between the
Maxwell and the YM/Higgs fields is motivated by supersymmetry; in a supersym-
metric theory the coefficient of this term is non-zero and our results lead us to
believe that the value appearing in (2.6) is that singled out by supersymmetry
⋆
.
It is helpful to keep in mind that the Coulomb force law for the Maxwell field
normalized as in (2.6) is F = GQ1Q2/r
2.
Observe, that to preserve parity we require either Φ or Aµ to be parity odd.
Since the N = 2 Maxwell supermultiplet contains both a scalar and a pseudoscalar
Higgs field either one can be used in a monopole solution. If we use the scalar then
we should interpret Aµ as the magnetic vector potential rather than the electric
vector potential. We shall suppose here that Φ is a pseudoscalar and Aµ the electric
potential.
⋆ This could be verified by a construction of the general N = 2 supergravity/YM/Higgs
theory in the conventions of this paper.
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Consider static configurations of the YM and Higgs fields, having
D0Φ = 0, G0i = 0 , (2.9)
and take the metric and Maxwell field to have the form (2.3). The charge density
ρq, found by varying the action with respect to the Maxwell field is given by
4πGρq = − 1
2g2
e−3φεijktr
(
DiΦGjk
)
, (2.10)
where εijk is the 3-dimensional alternating tensor density. The matter energy
density ρm is given by
4πGρm =
1
2
tr
(
DiΦD
iΦ
)
+
1
4
tr
(
GijG
ij
)
=
1
2g2
e−2φtr
[
DiΦDiΦ +
1
2
e−2φGijGij
]
,
(2.11)
where the latter equality is found by making use of the fact that gij = δije
2φ. Now,
if the YM and Higgs field satisfy a curved space form of the Bogomol’nyi equation,
specifically
√
g(3)gilgjmGlm = ±εijkDkΦ , (2.12)
where g(3) is the determinant of the 3-metric gij , then the expression for the energy
density (2.11) becomes identical to that for the charge density (2.10) and we have
ρm = ρq. One can also check that, given (2.12), the spatial components of the
matter stress energy Tij and charge current Ji vanish. Note that since gij = e
2φδij ,
and εijk is independent of the metric, (2.12) is equivalent to the Euclidean 3-space
equation
Gij = ±eφεijkDkΦ . (2.13)
In addition, given the form of the metric and the Maxwell field, then if (2.12) is
satisfied, one can check that both the YM and Higgs equations of motion are satis-
fied as well. Unfortunately, the curved space Bogomol’nyi equation (2.13) depends
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on the metric function eφ, and we have not been able to find analytic solutions to
this coupled system. However, specialising to the case of spherical symmetry, we
can show that solutions exist, at least for sufficiently weak gravitational coupling.
We give a proof of this in the Appendix. We shall show later that when a dilaton
field is included, the curved space Bogomol’nyi equation becomes identical to the
flat space one, and so exact solutions can easily be found.
We end this section by presenting an alternative derivation of the results pre-
sented above that is closer in spirit to Bogomol’nyi’s original argument [1]. We
insert the result (2.3) into the matter part of the action (2.6). From the corre-
sponding Hamiltonian the total energy is then found to be
E =
1
g2
∫
d3x
{
1
4
e−2φtr
(
Gij ∓ eφεijkDkΦ
)2
+
1
2
e2φ
[
tr(G0iG0i) + e
2φtr(D0ΦD0Φ)
]± η∂i [e−φBmati ]
}
,
(2.14)
where
Bmati =
1
2η
εijktr
(
ΦGjk
)
, (2.15)
is the ‘matter’ magnetic field. Assuming that Bmat ∼ 1/r and that φ → 0 as
r →∞, we immediately derive the bound
E ≥ η
g2
| Pmat | , (2.16)
where Pmat is the (dimensionless) total ‘matter’ magnetic charge determined by
the flux of Bmat through the 2-sphere at spatial infinity S2
Pmat =
∫
S2
Bmati dSi . (2.17)
By integrating (2.10) we see that
Q =
η
g2
Pmat , (2.18)
and so we have E ≥ Q, in agreement with (2.1). The bound (2.16) is saturated
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when
G0i = 0, D0Φ = 0, Gij = ±eφεijkDkΦ , (2.19)
in agreement with (2.9) and (2.13).
3. An Energy Bound For d=5 Einstein/Maxwell Theory
The bosonic sector of d = 5 supergravity coupled to matter [12,13,14] has the
action
S =
1
4πG5
∫
d5x
{
− 1
4
eR− 1
4
eFµνF
µν− 1
6
√
3
εµαβγδAµFαβFγδ
}
+ Smatter . (3.1)
Here, R = gµνRλµλν is the scalar curvature, Fµν = 2∂[µAν] is the Maxwell field-
strength tensor, and e =
√−g is the determinant of the fu¨nfbein eµα , where an
underlined index refers to the locally inertial Lorentz frame. For d = 5 we shall use
the ‘mostly minus’ metric signature. Note that Aµ is a dimensionless pseudovector.
The dimensions of G5 (the d = 5 Newton’s constant) are L
2M−1.
The Einstein and Maxwell field equations are
Gµν − 2Tµν(F ) = 8πG5Tµν(mat.)
∇µFµν − 1
2
√
3
e−1εναβγδFαβFγδ = 4πG5Jν(mat.),
(3.2)
where
Tµν(F ) = −
(
FµλFν
λ − 1
4
gµνF
αβFαβ
)
, (3.3)
and
Tµν(mat.) ≡ 1
2e
δSmatter
δgµν
Jµ(mat.) ≡ 1
e
δSmatter
δAµ
. (3.4)
We are now going to establish a Bogomol’nyi-type bound on the energy of any
field configuration, following the derivation in [9] of a similar bound for d = 4
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Einstein/Maxwell theory. To this end we introduce the Nester-like tensor [15]
Eˆµν =
1
2
ǫ¯Γµνρ∇ˆρǫ + c.c. , (3.5)
where ǫ is a complex commuting SO(1, 4) spinor, ǫ¯ its Dirac conjugate ǫ†Γ0 and
∇ˆµǫ ≡ ∇µǫ+ 1
4
√
3
(
ΓαβΓµ + 2Γ
αδβµ
)
ǫFαβ . (3.6)
Here Γα is a Dirac matrix and Γα1 ···αn is the antisymmetrised product of n Dirac
matrices (with ‘strength one’). The product of all five Dirac matrices equals the
unit matrix up to a sign; we choose the sign such that eΓα1...α5 = εα1...α5 . The
covariant derivative ∇ is defined in terms of the usual (torsion free) spin connec-
tion ω. The definition (3.6) is directly motivated by d = 5 supergravity since
the supersymmetry transformation of the (complex) gravitino in that theory, in a
background for which the gravitino vanishes, is just δψµ = ∇ˆµǫ (although ǫ would
be anticommuting in this context).
Let Σ be a spacelike hypersurface with hypersurface element dSµ and with
boundary ∂Σ at spatial infinity. If the spacetime contains black holes, then there
will also be components of ∂Σ corresponding to the black hole horizons. As shown
in reference [10], the boundary terms on the horizons can be made to vanish if ǫ
satisfies ΓnΓ0ǫ = ǫ where n indicates the direction normal to the horizon. We shall
assume that this condition holds below. With this in mind we consider the integral
∫
Σ
dSµ e∇νEˆµν =
∫
Σ
dSµ∂ν
(
eEˆµν
)
=
1
2
∫
∂Σ
dSµν eEˆ
µν , (3.7)
where dSµν is the element of the 3-sphere at spatial infinity. Now, Eˆ
µν can be
written as
Eˆµν =
1
2
{
ǫ¯Γµνρ∇ρǫ−
√
3
4
ǫ¯ΓµναβǫFαβ −
√
3
2
ǫ¯ǫF µν
}
+ c.c. . (3.8)
Assuming that the spacetime is asymptotically flat and that, asymptotically, F is
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purely electric and ǫ approaches the constant spinor ǫ
∞
, we have that
∫
Σ
dSµ e∇νEˆµν =
∫
∂Σ
dSµν
[
1
4
eǫ¯
∞
Γµνρ∇ρǫ∞ + c.c.
]
−
√
3
4
(ǫ¯
∞
ǫ
∞
)
∫
∂Σ
dSµν eF
µν
= (ǫ¯∞Γµǫ∞)PADMµ −
√
3
2
(ǫ¯∞ǫ∞)Q ,
(3.9)
where, in the second line, we have used the Witten-Nester expression for the ADM
5-momentum, and Q = 12
∫
∂ΣdSµν (eF
µν) is the total electric charge.
We turn now to the evaluation of ∇νEˆµν . A lengthy calculation yields the
result
∇νEˆµν =
{
1
2
(∇ˆνǫ)Γµνρ∇ˆρǫ+ c.c.
}
+ (4πG5)K
µ , (3.10)
where we have used the Einstein/Maxwell field equations (3.2) and
Kµ = ǫ¯ΓνǫTν
µ(mat.) +
√
3
2
ǫ¯ǫJµ(mat.) . (3.11)
Combining (3.10) with (3.9) we deduce that
(ǫ¯∞Γµǫ∞)PADMµ −
√
3
2
(ǫ¯∞ǫ∞)Q =
∫
Σ
dSµe
[
1
2
(
∇ˆνǫ
)
Γµνρ
(
∇ˆρǫ
)
+ c.c.
]
+ (4πG5)
∫
Σ
dSµeK
µ .
(3.12)
The first term on the right hand side of (3.12) is non-negative for spinors ǫ satisfying
the (modified) Witten condition [4]
n · ∇ˆǫ = 0 , (3.13)
where n is a 5-vector normal to Σ; it vanishes if and only if
∇ˆµǫ = 0 . (3.14)
We shall call a spinor satisfying (3.14) a Killing spinor.
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The second term on the right hand side of (3.12) is non-negative if Kµ is
future-directed timelike, or zero, for all ǫ, and we shall assume this condition in
what follows. This term vanishes if and only if Kµ = 0
⋆
. Under these conditions,
the right hand side of (3.12) is non-negative and hence so is the left hand side.
This implies that
M ≥
√
3
2
Q , (3.15)
where M =
√
PADM · PADM is the ADM mass. This bound can be saturated only
if the right hand side of (3.12) vanishes which, as we have now seen, requires that
∇ˆµǫ = 0 Kµ = 0 . (3.16)
Let us define V µ = ǫ¯Γµǫ. Note that
∇ˆ(µVν) =
(
∇ˆ(µǫ
)
Γν)ǫ+ ǫ¯Γ(ν∇ˆµ)ǫ , (3.17)
so that if ∇ˆµǫ = 0 then V µ is a Killing vector field. Note also the identity (for
V µ = ǫ¯Γµǫ), valid in d = 5,
(Γ · V ) ǫ = sgn (ǫ¯ǫ) | V | ǫ , (3.18)
which implies, in particular, that
V · V = (ǫ¯ǫ)2 ≥ 0 . (3.19)
Hence, V µ is timelike or null. At infinity (3.18) reduces to
(Γ · V∞) ǫ∞ = sgn (ǫ¯∞ǫ∞) | V∞ | ǫ∞ . (3.20)
We now observe that the vanishing of the left hand side of (3.12) requires that ǫ∞
⋆ Choose a frame for which Ki = 0. Then, since K0 ≥ 0, the integral ∫
Σ
dSµeK
µ vanishes if
and only if K0 ≡ 0. But if the integral vanishes, K0 must vanish in every frame and hence,
given the assumed condition on Kµ, so must Kµ.
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satisfy (
Γ · PADM
)
ǫ∞ = sgn(Q) | PADM | ǫ∞ . (3.21)
By comparison with (3.20) and choosing sgn (ǫ¯∞ǫ∞) = sgn(Q) we deduce that
V∞ is parallel to PADM . For static spacetimes and matter field configurations for
which V = ∂∂t , equation (3.18) reduces to
Γ0ǫ = ±ǫ , (3.22)
and Kµ = 0 is equivalent to
T00(mat.) =
√
3
2
| J0(mat.) | . (3.23)
In the interior of Σ, V may become null on an event horizon (it cannot become
spacelike). In this case (Γ · V ) ǫ = 0, but this is not consistent with the boundary
condition on ǫ at event horizons that was used in [10] unless ǫ vanishes at the
horizon. However, the condition (Γ · V ) ǫ = 0 is only needed to saturate the bound
(3.15). We shall see from our explicit solutions to follow, that either there are no
horizons when the bound is saturated or (in the absence of matter) ǫ vanishes at
an infinitely distant horizon.
It would be of interest to determine the general configuration compatible with
the constraint ∇ˆµǫ = 0, as has been done for d = 4 Einstein/Maxwell [11], but we
shall be content here to establish the existence of a simple class of solutions found
via the ansatz
e0
i = ei
0 = 0
ei
j = eφδji φ˙ = 0
e˙0
0 = 0 .
(3.24)
It follows that
ω0i 0 = −e−φ∂ie00 ωijk = −2δi[j∂k]φ , (3.25)
all other components of the spin connection vanishing. Note that we need not
distinguish between indices i and i on the right-hand sides of these equations since
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all tensors and derivative operators become those of Euclidean 4-space. Using the
condition (3.22) equation (3.14) can now be shown to imply
e0
0 = e−2φ F0i = ∓
√
3
2
∂i
(
e−2φ
)
, (3.26)
and
ǫ = e−φǫ∞ , (3.27)
where ǫ∞ is a constant spinor which we may identify, without loss of generality,
as the normalised constant spinor introduced previously. These results imply that
the metric has the form
ds2 = e−4φdt2 − e2φdx · dx , (3.28)
where dx · dx is the Euclidean 4-metric, and that the Maxwell potential one-form
is
A = ±
√
3
2
e−2φdt . (3.29)
In the following section we shall determine and solve the conditions on φ that are
required for this supersymmetric Einstein/Maxwell field configuration to solve the
field equations (3.2), and study the particular case of no matter.
4. d=5 Supersymmetric Black Holes
Given (3.28) and (3.29), the left hand sides of the field equations (3.2) may be
computed. The result is
G00 − 2T00(F ) = −3
2
e−4φ e2φ
∂i
(
eF i0
)
= ∓
√
3
2
e2φ ,
(4.1)
all other components vanishing identically. Here, is the Laplacian for Euclidean
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4-space. In the absence of matter we deduce that
e2φ = 0 . (4.2)
Let us impose the boundary condition φ = 0 at spatial infinity (so ǫ → ǫ∞ as
required). The general solution with four-dimensional spherical symmetry is then
e2φ = 1 +
a2
r2
, (4.3)
where r is the radial distance in the Euclidean 4-metric and a is a constant. The
5-metric (3.28) is then
ds2 =
(
1 +
a2
r2
)−2
dt2 −
(
1 +
a2
r2
)
dx · dx , (4.4)
Rewriting this metric in terms of a new radial coordinate r˜ defined by r2 = r˜2−a2,
it becomes
ds2 =
(
1− a
2
r˜2
)2
dt2 −
(
1− a
2
r˜2
)−2
dr˜2 − r˜2dΩ23 , (4.5)
where dΩ23 is the round metric on the unit 3-sphere. Substitution of this metric
into the expression given earlier for the total mass M yields
a2 =
4G5M
3π
. (4.6)
This metric was found previously in [16]. Here we have shown that it is supersym-
metric in the sense that it admits a Killing spinor.
To analyse the behaviour as r˜ → a we define the new dimensionless variable λ
by
r˜ = a
(
1 +
λ
2
)
. (4.7)
Then the metric becomes
ds2 =
[
λ2dt2 − a
2
4λ2
dλ2 − a2dΩ23
]
{1 +O(λ)} . (4.8)
The asymptotic form of the metric near λ = 0 is found by neglecting the O(λ)
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terms in this expression. The resulting metric is simply that of adS2 × S3. This
fact implies, incidentally, that adS2 × S3 is an allowed compactification of pure
d = 5 supergravity. Thus, as for the d = 4 RN black hole [17], the d = 5 black hole
metric (4.4) interpolates between two vacuum solutions of d = 5 Einstein/Maxwell
theory.
5. Supersymmetric Self-Gravitating Solitons For d = 5
It is clear from the result summarised in (4.1) that any ‘matter’ source for the
Einstein/Maxwell equations that is consistent with the existence of a Killing spinor
must be such that the only non-vanishing components of the matter stress-tensor
and electric current are T00(mat.) and J0(mat.) and, furthermore, that
T00(mat.) =
√
3
2
| J0(mat.) | . (5.1)
Note that such matter currents satisfy the condition Kµ = 0 of Section 2 which
we found there to be necessary for saturation of the energy bound M =
√
3
2 | Q |.
This condition is satisfied by ‘extremal charged dust’ but here we are interested in
matter in the form of field theory solitons. We now specify the ‘matter’ to be a
Lie-algebra-valued YM potential Bµ with field-strength Gµν
⋆
Gµν = ∂µBν − ∂νBµ + [Bµ, Bν] . (5.2)
We shall take the action to have the form
Smatter =
1
g25
∫
d5x
{
−1
4
e tr
(
GµνG
µν
)
+
c
4
√
3
εµαβγδAµtr
(
GαβGγδ
)}
, (5.3)
for some dimensionless constant c
†
. The YM field will be assumed to have dimen-
sions of L−1, so the d = 5 YM coupling constant g5 has dimensions of M−(1/2).
⋆ It should be obvious from the context when Gµν refers to the field-strength of Bµ and when
it refers to the Einstein tensor.
† Note that c is not the speed of light, which has been set to 1 throughout.
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From this action, it follows that
Tµν(mat.) = Tµν(G) ≡ − 1
g25
tr
(
GµλGν
λ − 1
4
gµνG
αβGαβ
)
Jµ(mat.) = Jµ(G) ≡ c
4
√
3g25
e−1εµαβγδtr
(
GαβGγδ
)
.
(5.4)
Consider any YM field configuration for which Gi0 = 0 and
√
g(4)Gij = ±1
2
εijklGkl , (5.5)
where g(4) = det gij . It is not difficult to show that for such configurations all com-
ponents of Tµν(G) and Jµ(G) vanish except T00(G) and J0(G) and, furthermore,
that
T00(G) =
c
√
3
2
| J0(G) | . (5.6)
Hence, to satisfy (5.1) we must set
c = 1 . (5.7)
This is precisely the value given by coupling super YM theory to d = 5 supergravity
[13].
It remains to check whether (5.5) satisfies the YM field equation. This is
Dµ
(
eGµν
)
+
c
2
√
3
εναβρσFαβGρσ = 0 , (5.8)
where Dµ is the YM covariant derivative. Since F is purely electric and G is
purely ‘magnetic’ the time component of this equation is trivially satisfied. The
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space component reads
Di
(
eGij
)− c√
3
εjklmF0kGlm = 0 . (5.9)
Into this equation we substitute
e = e0
0
√
g(4) = e−2φ
√
g(4) F0i = ∓
√
3
2
∂i
(
e−2φ
)
, (5.10)
to reduce it to
e−2φ∂i
(√
g(4)Gij
)
− ∂j
(
e−2φ
)(√
g(4)Gij ∓ c
2
εijklGkl
)
= 0 , (5.11)
which is solved by any solution of (5.5), provided again that c = 1.
Observe that for any conformally flat 4-metric, (5.5) is equivalent to the Eu-
clidean 4-space YM self-duality equation.
Gij = ±1
2
εijklGkl . (5.12)
We have therefore shown that any flat space YM instantonic-soliton configuration,
together with a metric and Maxwell one-form of the form (3.28) and (3.29), is a
supersymmetric solution of the Euler-Lagrange equations of the action
S =
1
4πG5
∫
d5x
{
−1
4
eR − 1
4
eFµνF
µν +
1
6
√
3
εµαβγδAµFαβFγδ
}
+
1
g25
∫
d5x
{
−1
4
e tr
(
GµνG
µν
)
+
1
4
√
3
εµαβγδAµtr
(
GαβGγδ
)}
.
(5.13)
Note that this includes multi-soliton solutions.
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To fully specify the solution we must determine φ for a given soliton source.
To do this we return to (3.2) and use the results (4.1) and (5.4) to find that
e2φ = −1
6
(
4πG5
g25
) ∣∣∣ εijkltr(GijGkl) ∣∣∣ , (5.14)
which now replaces (4.2). For any choice of instanton or multi-instanton localised
within a finite ‘core’ region of 4-space, the solution of this equation has the asymp-
totic form
e2φ ∼ 1 +
(
16πG5
3g25
) | ν |
r2
, (5.15)
where ν is the instanton number
ν =
1
16π2
∫
d4x εijkltr
(
GijGkl
)
. (5.16)
Comparison with the extreme d = 5 black hole solution of the previous section
yields the result
M =
(
2π
g5
)2
| ν | . (5.17)
For non-zero core radius (or radii in the multi-soliton case) the resulting spacetime
is non-singular and without event horizons. In the limit of vanishing soliton core
radius the asymptotic solution (5.15) becomes exact and we recover the extreme
d = 5 RN solution with mass M . Note that not all values of the mass are obtained
in this way because (5.17) is a quantisation condition. Note also that since | Q |=
(2/
√
3)M , we also have the relation
| Q |= 8π
2
√
3g25
| ν | (5.18)
between the electric charge Q and the soliton’s topological charge ν. Finally we
remark that if the 4-space is asymptotically R3 × S1 instead of R4, solutions of
(5.12) yield (multi) monopole solutions of the dimensionally reduced d = 4 theory,
but we shall deal directly with the d = 4 case in the following sections.
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6. An Energy Bound For d = 4 Einstein/Maxwell
Theory With Arbitrary Dilaton Coupling
Motivated by consideration of the dimensional reduction of d = 5 supergravity
to d = 4 we now turn our attention to a d = 4 action of the form
S =
1
4πG
∫
d4x e
[
1
4
R− 1
4
e2bσF 2 − 1
2
(∂σ)2
]
+ Smatter , (6.1)
where σ is the dilaton field and b the dilaton coupling constant. We might also
have included an axion field arising from the fifth component of the d = 5 Maxwell
potential but since only A0 was non-zero for the d = 5 solutions found above, we
omit it. The d = 4 Newton’s constant G has dimensions of LM−1. Note also that
we now use a ‘mostly plus’ signature.
The dimensional reduction and subsequent truncation of d = 5 supergravity to
an action of the form (6.1) yields a value of
√
3 for the dilaton coupling constant
b, and if b = −1 the action (6.1) is a truncation of N = 4 supergravity. At least
for these values of b, there is an underlying N = 2 supergravity model. We believe
that (6.1) is the truncation of some model of N = 2 supergravity coupled to a
scalar multiplet for any value of b. All the results to follow are consistent with this
hypothesis, but we have not checked it explicitly.
The field equations of (6.1) are
Gµν − 2Tµν(F )− 2Tµν(σ) = (8πG)Tµν(mat.)
∇µ
(
e2bσFµν
)
= (4πG)Jν(mat.)
∂µ
(
egµν∂νσ
)− g
2
ee2bσFµνFµν = −(4πG)δSmatter
δσ
,
(6.2)
where
Tµν(F ) = e
2bσ
(
FµλFν
λ − 1
4
gµνF
2
)
Tµν(σ) =
(
∂µσ∂νσ − 1
2
gµν(∂σ)
2
)
,
(6.3)
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and
Tµν(mat.) ≡ 1
e
δSmatter
δgµν
Jµ(mat.) ≡ −1
e
δSmatter
δAµ
. (6.4)
As we did for d = 5, we now introduce the Nester-like tensor Eˆµν defined as
before in terms of a modified covariant derivative ∇ˆµ acting on a complex spinor
ǫ;
Eˆµν =
1
2
ǫ¯Γµνρ∇ˆρǫ + c.c. . (6.5)
For d = 4, and including the dilaton field, this modified covariant derivative is
∇ˆµǫ = ∇µǫ+ i
4
√
1 + b2
ebσΓαβΓµǫ Fαβ . (6.6)
It will also be necessary to define the quantity
δλ ≡ 1√
2
[
Γµǫ ∂µσ +
ib
4
√
1 + b2
ebσΓαβǫ Fαβ
]
. (6.7)
The specific factors that appear in these definitions are motivated a posteriori as
those that are required to derive the energy bound to follow, but they also have
an a priori motivation as the supersymmetry transformation laws of the gravitino
and dilatino fields in the associated supergravity model.
As before, let us choose Σ to be a spacelike hypersurface with hypersurface
element dSµ and boundary ∂Σ at spatial infinity. We can write Eˆ
µν as
Eˆµν =
1
2
{
ǫ¯Γµνρ∇ρǫ− i√
1 + b2
ǫ¯
(
Fµν +
1
2
ΓµναβFαβ
)
ǫebσ
}
+ c.c. . (6.8)
Assuming that ǫ is asymptotic to a constant spinor ǫ∞ and that σ ∼ 0 at spatial
infinity, we deduce (using the fact that eΓµναβ = εµναβγ5 where γ5 = Γ
0 · · ·Γ3)
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that ∫
Σ
dSµ e∇νEˆµν =
∫
∂Σ
dSµν
[
1
4
eǫ¯∞Γµνρ∇ρǫ∞ + c.c.
]
− i
2
√
1 + b2
∫
∂Σ
dSµν
[
eǫ¯∞ǫ∞Fµν + ǫ¯∞γ5ǫ∞F˜µν
]
= (ǫ¯∞Γµǫ∞)PADMµ −
i√
1 + b2
ǫ¯∞ (Q+ γ5P ) ǫ∞ ,
(6.9)
where PADMµ is the ADM 4-momentum, F˜
µν = 12ε
µναβFαβ and
Q =
1
2
∫
∂Σ
dSµν (eF
µν) P =
1
2
∫
∂Σ
dSµνF˜
µν , (6.10)
are the total electric and magnetic charges respectively.
A lengthy calculation yields the result
∇νEˆµν =
{
−1
2
(
∇ˆνǫ
)
Γµνρ∇ˆρǫ− 1
2
δλΓµδλ+ c.c.
}
− (4πG)Kµ , (6.11)
where
Kµ = ǫ¯ΓνǫTν
µ(mat.) +
ie−bσ√
1 + b2
ǫ¯ǫJµ(mat.) . (6.12)
Now upon using equations (6.9) and (6.11) we deduce that
(ǫ¯∞Γµǫ∞)PADMµ −
i√
1 + b2
ǫ¯∞ (Q+ γ5P ) ǫ∞ =
∫
Σ
dSµe
[
−1
2
(
∇ˆνǫ
)
Γµνρ∇ˆρǫ
− 1
2
δλΓµδλ+ c.c.
]
− (4πG)
∫
Σ
dSµeK
µ ,
(6.13)
The first term on the right hand side of (6.13) is non-negative for spinors ǫ satisfying
the (modified) Witten condition
n · ∇ˆǫ = 0 , (6.14)
where n is a 4-vector normal to Σ. The last term on the right hand side of (6.13)
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is non-negative if Kµ is future-directed timelike for all ǫ, and henceforth we shall
assume this to be the case.
Under these conditions the right hand side of (6.13) is non-negative, and van-
ishes if and only if
∇ˆµǫ = 0 δλ = 0 Kµ = 0 . (6.15)
Hence the left hand side of (6.13) is non-negative. This implies that
M ≥ 1√
1 + b2
√
Q2 + P 2 , (6.16)
and the bound is saturated when the conditions (6.15) hold. Saturation of the
bound implies that the left hand side of (6.13) vanishes, so that ǫ∞ satisfies
(
ΓµPADMµ
)
ǫ∞ =
i√
1 + b2
(Q+ γ5P ) ǫ∞ . (6.17)
As in the d = 5 case, we define
V µ = ǫ¯Γµǫ , (6.18)
which is a Killing vector field when ∇ˆµǫ = 0. Note the identity, valid in d = 4,
(Γ · V ) ǫ = [ǫ¯ǫ+ (ǫ¯γ5ǫ) γ5] ǫ , (6.19)
which implies that
V · V = (ǫ¯ǫ)2 + (ǫ¯γ5ǫ)2 ≥ 0 . (6.20)
Hence V is timelike or null. At infinity (6.19) reduces to (6.17) with V ∝ PADM
and
P
Q
=
ǫ¯∞γ5ǫ∞
ǫ¯∞ǫ∞
. (6.21)
We shall be interested in static spacetimes admitting a Killing spinor and with
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P = 0. In this case we can choose ǫ¯γ5ǫ = 0. Then equation (6.19) reduces to
⋆
iΓ0ǫ = ±ǫ , (6.22)
where the timelike Killing vector field V is given by V = ∂∂t . In this case the
condition Kµ = 0 reduces to
T00(mat.) =
e−bσ√
1 + b2
| J0(mat.) | . (6.23)
Note that (6.22) is not compatible with the boundary condition on ǫ at event
horizons, but again (6.22) is only required for saturation of the bound (6.16). As
for d = 5, spacetimes that saturate the bound either have no horizons or horizons
at an infinite distance at which ǫ vanishes.
We shall again seek solutions that can be found via the ansatz (3.24). We
should note that the change of signature from the five dimensional case means
that the components of the spin connection now become
ω0i0 = e
−φ∂ie00 ωijk = +2δi[j∂k]φ . (6.24)
This now leads to a metric of the form
ds2 = −e−2φdt2 + e2φdx · dx , (6.25)
where dx · dx is the Euclidean 3-metric. It leads also to the Maxwell one-form
A = ± 1√
1 + b2
e−(1+b
2)φdt , (6.26)
and to the dilaton
σ = bφ . (6.27)
The solution of ∇ˆµǫ = 0, δλ = 0 is then found to be
ǫ = e−
1
2
φǫ∞ , (6.28)
where ǫ∞ is the constant spinor introduced previously, since we shall impose the
⋆ Observe that
(
iΓ0
)2
= 1 for the ‘mostly plus’ metric signature that we use for d = 4.
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boundary condition that φ ∼ 0 as spatial infinity is approached.
7. Supersymmetric Dilaton Black Holes For d=4
Given the results just quoted, the Einstein, Maxwell and dilaton field equations
of the action (6.1) become
(4πG)T00(mat.) = − 1
1 + b2
e−(3+b
2)φ∇2
[
e(1+b
2)φ
]
(4πG)e−bσJ0(mat.) = ∓ 1√
1 + b2
e−(3+b
2)φ∇2
[
e(1+b
2)φ
]
(4πG)
δSmatter
δσ
= − b
1 + b2
e−(1+b
2)φ∇2
[
e(1+b
2)φ
]
,
(7.1)
where ∇2 is the Laplacian of three-dimensional Euclidean space. In the absence of
matter all three equations reduce to
∇2
[
e(1+b
2)φ
]
= 0 . (7.2)
The spherically symmetric solution corresponding to the boundary condition that
φ vanish at spatial infinity is
e(1+b
2)φ = 1 +
µ
r
, (7.3)
for constant µ. Rewriting the metric in terms of the new radial coordinate r˜, now
defined by r = r˜ − µ, we find that
ds2 = −
(
1− µ
r˜
) 2
1+b2
dt2 +
(
1− µ
r˜
)− 2
1+b2
dr˜2 +
(
1− µ
r˜
) 2b2
1+b2
r˜2dΩ22 , (7.4)
where dΩ22 is the ‘round’ metric on S
2 and the dilaton is given by
eσ =
(
1− µ
r˜
)− b
1+b2
. (7.5)
Substitution of (7.4) into the Witten-Nester expression for the total mass M yields
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the relation
µ = (1 + b2)GM , (7.6)
between M and the constant µ. This extreme ‘dilatonic’ black hole solution has
been found previously [18]. Here we have shown that it is supersymmetric.
The metric (7.4) is singular at r˜ = µ, but the rescaled metric e2bσds2 is non-
singular. Using equations (7.4) and (7.5) we find the rescaled metric to be
e2bσds2 = −
(
1− µ
r˜
) 2(1−b2)
(1+b2)
dt2 +
(
1− µ
r˜
)−2
dr˜2 + r˜2dΩ22 . (7.7)
To analyse the behaviour as r˜ → µ we define the new (dimensionless) variable λ
by
r˜ = µ (1 + λ) . (7.8)
Then the rescaled metric becomes
e2bσds2 =
[
−λ
2(1−b2)
(1+b2) dt2 +
(µ
λ
dλ
)2
+ µ2dΩ22
]
{1 +O (λ)} . (7.9)
The asymptotic form of the metric near λ = 0 is found by neglecting the O (λ)
terms in this expression. Thus, introducing the new variable ρ = µ lnλ, we see
that the rescaled metric has the asymptotic form
e2bσds2 ∼ −e−
2(1−b2)
(1+b2)
ρ
µ dt2 + dρ2 + µ2dΩ22 , (7.10)
and the dilaton has the asymptotic form
σ ∼ −b
(1 + b2)
ρ
µ
. (7.11)
If b 6= ±1 the resulting metric is simply that of adS2 × S2, whilst if b = ±1 it is
a metric for M2 × S2. Hence dilatonic extreme black holes interpolate between
four-dimensional Minkowski space and a compactified vacuum spacetimes with a
linear dilaton, at least for one choice of ‘conformal gauge’. This behaviour is similar
to that of the extreme fivebrane solution of d = 10 supergravity in string-theory
conformal gauge [19].
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8. Supersymmetric Self-Gravitating Monopoles With A Dilaton
We now return to the dilatonic action of (6.1) and take the matter action to
be
Smatter =
1
g2
∫
d4x
{
− 1
4
e
(1−b2)
b
σe tr(GµνG
µν)− 1
2
e−
(1+b2)
b
σe tr(DµΦD
µΦ)
+
c
√
1 + b2
4
εµναβFµνtr(ΦGαβ)
}
,
(8.1)
where c is a constant (again, not to be confused with the speed of light which is
set equal to unity) soon to be determined. The particular coupling of the dilaton
to the YM/Higgs fields in (8.1) are those required for consistency of the YM/Higgs
equations with the Einstein/Maxwell /dilaton equations and the assumption that
the metric, Maxwell one-form and dilaton have the form found in Section 6. From
(8.1) and the definitions (6.4) we have that
Tµν(mat.) =
1
g2
e
(1−b2)
b
σtr
(
GµλGν
λ − 1
4
gµνGαβG
αβ
)
+
1
g2
e−
(1+b2)
b
σtr
(
DµΦDνΦ− 1
2
gµνDαΦD
αΦ
)
Jν(mat.) =
ce−1
2g2
√
1 + b2ενµρσtr (DµΦGρσ) .
(8.2)
Observe that when b =
√
3, which is what would be found by reduction (and
truncation) to d = 4 of d = 5 supergravity, then the dilaton coupling to the YM
field is 1/
√
3, which is also what is found on dimensional reduction from d = 5.
The choice of Lagrangian (8.1) is therefore consistent with what we would find on
reduction of supergravity/YM from d = 5 but we are now allowing for arbitrary
non-zero b. Once the coupling of the dilaton to the YM field is chosen its coupling
to the Higgs field can be fixed, and has been so fixed in (8.1), by requiring invariance
of the action under the rigid scaling σ → σ+const., which is achieved by assigning
scaling weights to all fields and then choosing powers of σ to compensate any lack
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of scale invariance. What makes this non-trivial is the presence of the non-minimal
terms in the action involving epsilon tensors for which the scale weight must add
to zero. This symmetry is not necessary for consistency of the theory, of course,
but it would be required by supersymmetry.
Using the relation σ = bφ, from (6.27), the equations of motion for B and Φ
can be written as
Dµ
[
ee(1−b
2)φGµν
]
− e−(1+b2)φe [Φ, DνΦ]− c
2
√
1 + b2 εαβµνFαβDµΦ = 0 , (8.3)
and
Dµ
[
ee−(1+b
2)φDµΦ
]
+
c
√
1 + b2
4
εµναβFαβGµν = 0 . (8.4)
Using (6.25) and (6.26), and assuming that G0i and D0Φ vanish, these equations
reduce to the Euclidean 3-space equations
DjGji − [Φ, DiΦ]− (1 + b2)∂jφ
[
Gji ∓ c εijkDkΦ
]
= 0 , (8.5)
and
Di (DiΦ)− (1 + b2)∂iφ
[
DiΦ± c
2
εijkGjk
]
= 0 . (8.6)
Provided that c2 = 1, these equations are solved by any YM-Higgs configuration
that solves the flat space Bogomol’nyi equations
Gij = ∓cεijkDkΦ . (8.7)
Here we see the principal difference with the results of the section 2; unlike the
corresponding equation of that section, equation (8.7) is independent of φ. Its
solutions are well known and include multi-monopole configurations. For example,
the one-monopole solution for YM group SO(3) is
Φa = na
[
1
r
− cosh r
sinh r
]
Bai = ε
iabnb
[
1
sinh r
− 1
r
]
, (8.8)
where a, b are SO(3)-vector indices and na = r
a
r .
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As a further illustration of the difference between the dilatonic and non-dilatonic
cases, we may choose c = −1 and use the specific form of the metric (6.25) and
dilaton (6.27) to rewrite (8.7) as
e
σ
b
√
g(3)gilgjmGlm = ±εijkDkΦ , (8.9)
which may be compared with (2.12). Observe that (8.9) has no b → 0 limit, so
that (2.12) cannot be obtained as a limit of (8.9).
We now turn to the Einstein, Maxwell and dilaton equations. Firstly, we note
that, under the same conditions used to derive (8.5), the only non-zero components
of the matter stress-tensor and electric current are
T00(mat.) =
1
g2
e(3+b
2)φtr(DΦ ·DΦ)
e−bσJ0(mat.) = ∓ c
g2
√
1 + b2e−(3+b
2)φ tr(DΦ ·DΦ) ,
(8.10)
where DΦ · DΦ indicates the Euclidean 3-vector scalar product. Recall that con-
sistency requires that
T00(mat.) =
e−bσ√
1 + b2
| J0(mat.) | , (8.11)
which we now see is true provided again that c2 = 1. The Einstein and Maxwell
equations may now be seen to be equivalent to the Euclidean 3-space Poisson
equation
−∇2
[
e(1+b
2)φ
]
=
(
4πG
g2
)(
1 + b2
)
tr (DΦ ·DΦ) . (8.12)
This is also the dilaton equation; the choice of dilaton coupling to the YM field in
(8.1) was chosen to make this happen.
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Using the Bogomol’nyi equation, (8.12) can be rewritten as
∇2
[
e(1+b
2)φ
]
= −η
(
4πG
g2
)
(1 + b2) | ∂iBmati | , (8.13)
where the ‘matter’ magnetic field Bmati is again given by
Bmati =
1
2η
εijktr(ΦGjk) . (8.14)
The existence of a unique non-singular solution for φ to equation (8.13) that van-
ishes at infinity is guaranteed. We have not been able to find this solution analyt-
ically, but its asymptotic form is
e(1+b
2)φ ∼ 1 + (1 + b2)α | P
mat |
ηr
, (8.15)
where Pmat is the again the (dimensionless) total ‘matter’ magnetic charge de-
termined by the flux of Bmat through the sphere at spatial infinity and α is the
dimensionless constant
α =
Gη2
g2
. (8.16)
Note that φ is non-singular, and hence there are no event horizons, for any value
of α. By comparison with the corresponding formula (7.3) for a black hole, and
using (7.6), we see that
M =
(
η
g2
)
| Pmat | . (8.17)
Since the self-gravitating monopole solution we have found is supersymmetric and
saturates the bound (6.16) with P = 0, we find the following relation between the
electric charge and the ‘matter’ magnetic charge:
| Q |=
√
(1 + b2)
(
η
g2
)
| Pmat | . (8.18)
The bound on the total energy implied by supersymmetry may therefore be ex-
pressed either in terms of Q or in terms of Pmat.
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As in section 2, we conclude with the alternative derivation of the energy bound
that is closer in spirit to Bogomol’nyi’s original argument. We insert the ansatz
(6.25) and (6.26) into the action (8.1). From the corresponding Hamiltonian the
total energy is then found to be
E =
1
g2
∫
d3x
{
1
4
e−(1+b
2)φtr
(
Gij ∓ εijkDkΦ
)2
+
1
2
e(3−b
2)φ
[
tr(G0iG0i) + tr(D0ΦD0Φ)
]± η∂i [e−(1+b2)φBmati ]
}
.
(8.19)
Assuming that Bmat ∼ 1/r and that φ→ 0 as r →∞, we immediately derive the
bound
E ≥ η
g2
| Pmat | , (8.20)
which is saturated when
G0i = 0 D0Φ = 0 Gij = ±εijkDkΦ , (8.21)
in agreement with (8.7). Thus, a solution of (8.21) has mass M given by (8.17).
9. Conclusions
Minkowski space BPS monopoles saturate a Bogomol’nyi bound on their mass
in terms of their magnetic charge and are therefore stable. Reissner-Nordstro¨m
black holes are stable for a similar reason; they saturate a gravitational analogue
of the Bogomol’nyi bound on their ADM mass in terms of a combination of electric
and magnetic charges. These two examples of stable ‘solitons’ can be viewed as
extreme cases of the more general situation of a self-gravitating BPS monopole.
The strength of the gravitational field relative to the YM/Higgs fields is measured
by the dimensionless constant α = Gη
2
g2 . If α ≪ 1, gravitational effects can be
ignored and we have, effectively, a flat space BPS monopole. If α ≫ 1 one might
expect the monopole core to be hidden behind a horizon, with only the long range
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U(1) subgroup of the YM group in evidence, in which case we have, effectively,
a magnetic Reissner-Nordstro¨m black hole. In the latter case one expects an ap-
proximate bound on the energy in terms of the magnetic charge, but this must fail
when α ∼ 1 because the replacement of the YM field by its long range U(1) com-
ponent is then no longer justifiable. Since the mass of the black hole is no longer
bounded by the magnetic charge one might expect it to exhibit an instability. Such
an instability has been demonstrated by Lee, Nair and Weinberg [20].
We have shown that the inclusion of certain non-minimal couplings of the
YM/Higgs fields to an additional U(1) ‘Maxwell’ field implies that the mass of
any field configuration is bounded by the YM monopole charge. Configurations
that saturate this bound are necessarily stable. This is true whether or not there
is a dilaton field present, but if there is one its coupling to the YM/Higgs fields
cannot be arbitrarily chosen. Accumulated experience suggests that these non-
minimal couplings and the required dilaton couplings (when applicable) are those
which would be required for a coupling of N = 2 supergravity to N = 2 super YM
theory. We have not proven this here but if this proposition is accepted we see that,
as expected, instabilities of the type found in [20] cannot occur in supersymmetric
theories.
Our results for supersymmetric self-gravitating monopoles in the presence of a
dilaton show that there is no event horizon whatever the monopole core radius, so
one cannot ‘hide’ a monopole inside a black hole. In the absence of a dilaton, the
situation is less clear. It may be that in this case one can ‘hide’ a monopole inside
a black hole. In any event, any black hole/monopole configuration saturating the
gravitational version of the Bogomol’nyi bound is necessarily stable.
A curious fact that emerges from the analysis of this paper is the qualitative
difference in supersymmetric field configurations occasioned by the presence of a
dilaton. With a dilaton the full gravitationally-corrected YM/Higgs equations are
solved by any solution of the flat-space Bogomol’nyi equations. We mentioned in
the introduction that this result can be understood, via dimensional reduction, as
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being a consequence of the similar result for d = 5, at least for a special value
of the dilaton coupling constant b. It seems likely that this observation could be
extended to all non-zero values of b by inclusion of a dilaton in d = 5.
One aim of this work was to understand in the gravitational context the much
studied Bogomol’nyi bounds saturated by Minkowski space soliton solutions. We
believe that we have achieved this fully in d = 5 but there remain questions in
d = 4. In particular, we have not yet found solutions representing self-gravitating
dyons. It will probably be important to fill this gap before attempting to inves-
tigate the nature of the metric on the moduli space of multi self-gravitating BPS
monopoles because Minkowski space results suggest that dyons could be produced
by scattering monopoles. However this much seems to be rather plausible: as a
manifold the moduli space must be identical to the flat space moduli space, but
the metric may differ. For arbitrary monopole number, N = 2 supersymmetry
strongly suggests that it is Ka¨hler. For two monopoles the rotational symmetries
of flat R3 should give rise to a diagonal Bianchi IX metric.
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APPENDIX
In order to show that spherically symmetric monopoles exist for the system
described in Section 2, we have to solve three coupled equations. We will show
that these equations have solutions, at least in the limit of small gravitational
coupling
⋆
. Make the ansatze for the fields (appropriate to isotropic coordinates)
Φa = rˆas(r), Bai = ǫiab
rˆb
r
e−φ (−1 + gv(r)) . (A.1)
The Bogomol’nyi equation (2.12) is then given by
ψ ≡ v′(r)− gv(r)s(r)eφ = 0, η ≡ s′(r)− 1
r2
(
−1
g
+ gv2
)
e−φ = 0 . (A.2)
This can be used to put the constraint equation in the form
∂r
(
r2∂re
φ
)
= −4πG
g2
∂r
(
s(−1
g
+ gv2)
)
. (A.3)
Which can, after using equations (A.2), be integrated to give
eφ = eφ0e−2πGs
2(r)/g2 . (A.4)
Since s → η as r → ∞, we find that eφ → (1 + Mr ), where M = 4πηg2 is the ADM
mass of the spacetime.
We now want to argue for the existence of solutions to equations (A.2) for
α = Gη
2
g2 sufficiently small. Substitute the expression (A.4) for e
φ into (A.2). Then
the left hand sides are functionals ψ, η of s(r), v(r) and the parameter α. Let
F(s, v;α) = (ψ, η). We seek solutions s(α), v(α) such that F(s, v;α) = 0. We
know that F(s¯, v¯; 0) = 0, where s¯ and v¯ are the known flat space solutions. Hence,
⋆ Similar arguments are made in [21,22] for the existence of gravitating monopoles solutions
without the extra interaction with the Maxwell field considered here.
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by the implicit function theorem, it suffices to show that (a) ∂F∂α
∣∣
α=0
is continuous
and that (b) there are no zero modes of
DF ≡
[
∂F
∂s
δs+
∂F
∂v
δv
]∣∣∣∣
α=0
, (A.5)
or of DF∗. Condition (a) is easily checked directly, using the behavior of s¯ and
v¯. Condition (b) follows from the stability of the flat space solution to small
perturbations.
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